On the other hand, elementary examples show that not all such groups can have a perfect Kirillov theory. The precise boundary between good and bad groups is not well defined, and varies with the amount of technical complication you can tolerate. At this stage, the delineation of the boundary is the less rewarding part of the theory, and will be deferred to a future publication. In the present paper, we lay some groundwork, and then discuss a particularly nice special case, which also has significance in the general picture.
Since Kirillov's approach hinges on the use of the lie algebra and its dual, the first concern in imitating his theory is to find a lie algebra. In §1, we consider the generalities of the algebraic aspects of this problem. We rely very heavily on Serre [10] . Indeed, the beginning of §1 is a summary of the fourth chapter of [10] , with differences in emphasis to fit the present need. The major tool is the Campbell-Hausdorff formula, which we use to prove some elementary facts on nilpotent groups, as well as to construct lie algebras.
In § II, we discuss the structure theory of locally compact nilpotent groups. We should emphasize here that we are dealing with groups which are genuinely nilpotent in the algebraic sense, and which have a topology. We do not consider groups which are nilpotent only in some topological sense. Specifically, G is fc-step nilpotent if the ascending central series ^{G\ %T {2) (G) , satisfies %' {k) {G) = G. Alternatively, if x, y e (?, define the commutator (x, y) of x and y by (x, y) = x~ιy~ιxy. Define the order of a commutator inductively: all x e G have order one; the commutator of commutators of orders % 308 ROGER E. HOWE and j has order i + j. G {ί) is the closed subgroup generated by all ith order commutators. G is ft-step nilpotent if G (fe+1) = {e}, the trivial subgroup.
Let us say a locally compact group G is a quasi-torsion group if every xeG generates a subgroup whose closure is compact and pro-finite. G is a quasi-p group, if every xeG generates a pro-p group. We will show that a locally compact nilpotent group G is built in a fairly well defined way out of its identity component, a discrete group, and a quasi-torsion group. Since the identity component is very much like a lie group, and since at least finitely generated discrete groups have been analyzed in [5] , we shall focus our attention in this paper on the harmonic analysis of quasi-torsion groups. Since we can show that a quasi-torsion nilpotent group is the restricted direct product of quasi-p groups, in direct generalization of the classical Sylow decomposition of finite nilpotent groups, we need actually consider only quasi-p groups. For these groups, we establish, at the end of §11, THEOREM Returning now to ^, if ^C^ is a subgroup, then iϋ = logŵ ill denote its inverse image in P. Similarly, if R Q P is a subalgebra, then & -exp R will be the corresponding subgroup of &. Con-jugation in & will induce actions on various objects, and one of these actions will be denoted by Ad or Ad*, depending on whether it seems like a direct action or a dual action. In particular, we have an action Ad* on P, the Pontryagin dual of P, and we will denote the quasiorbit space, that is the space of orbit closures, of the action, by Q(P). It has, of course, the quotient topology.
I. Let & be a k-step nilpotent separable locally compact quasi-p group, with p > k. Then there is a locally compact abelian quasi-p group P, equipped with a bilinear operation [ , ]: Px P-*P, making into a k-step nilpotent locally compact lie algebra; and there is a homeomorphism
We will, whenever convenient, identify functions on & and P by means of exp and log. In particular, we take j*%^*) into J^(P), and then by means of the Fourier transform, to J%f(P). This will be referred to as the Fourier transform for 0>.
Finally, if R £ P is a subgroup, and ψeP, we will say R is subordinate to ψ if ψ([R, R]) = 1, or equivalently (in our case of p>k) if ψ defines a one-dimensional character of ^?, if R is a subalgebra.
The main result of the paper summarizes for & the facts of harmonic analysis we have come to expect for nilpotent groups.
THEOREM II. There is a canonical homeomorphism a;Q(P)-> M(^).
Given We establish Theorem II as a sequence of propositions, rather than in one piece.
L Nilpotent groups and lie algebras* Nilpotent groups are relatively easy to analyze because they form a fairly neat category, with manageable universal objects and close connections with abelian groups. Here we systematically expose the consequences of these facts, largely following [10] .
Let N be a &-step nilpotent group, with some set X = {XJ of generators. Let F(X) be the free group on X. Then there is a natural homomorphism a: F(X) -* N. Since N is Λ-step nilpotent, a is trivial on F (fc+1) , and so factors to a map on
which we may refer to as the free fc-step nilpotent group on X, since it clearly has the universal property suggested by that name. There are natural surjective homomorphisms π k :
%*(N k ) is known to be a free abelian group, and its rank is finite and known if *(X), the cardinality of X, is finite. In particular N k (X) is torsion free. Now, given a set X, and a commutative, associative ring with unit A, one may construct the free A-lie algebra over X as follows. Take M(X), the set of all nonassociative words in the elements of X, that is, the smallest set containing X and containing all ordered pairs formable from elements of itself. (M(X) is also known as the free magma on X.) M(X) has a natural law of composition, i.e., taking ordered pairs. The free A-module on M(X), with multiplication extended A-linearly, is the free A~algebra over X. It is not associative. Dividing out by the ideal generated by all elements of the forms aa and (α(δc)) + (c(αδ)) + (δ(cα)) yields J*f(X, A), the free A-lie algebra on X. It has the appropriate universal property. It also has a natural graded structure, £f = φΓ=i L tf derived from word length in M(X). ^f {j) , the jth group in the descending central series of £f, is (BT=sLi. Thus one may consider ^ = ^f/^f ik+1) ( = φ J UL i as A-modules) to be the free A -step nilpotent A-lie algebra on X, again with evident universal property.
We may also construct from X, the tensor algebra T(X, A) over A(X), the free A-module over X. T(X, A) is also the free associative algebra over X. The lie subalgebra of T(X, A) generated by X is isomorphic to £f(X, A), and T(X, A) is isomorphic to the universal enveloping algebra of J*f(X, A). T is of course graded, and the gradings of J2f and T are consistent, i.e., L< = Sf Π T t . If we consider Γ/φΓ=fc+i T t = S\, then ^7~k is an appropriately nilpotent enveloping algebra for Sf k .
Returning to F(X), we consider grF(X) = 0Γ=i F {i) /F« +1) . The commutator operation 0,2/) factors to a bilinear map on grF(X), making this into a lie algebra, and with this structure grF is isomorphic to £f(X, Z). At this point, it is appropriate to remark that for any A, £f(X, A) = £f(X, Z) ® z A; and similarly for the various other universal objects we have mentioned. Now suppose division by k\ is permissible in A. Then we may define exp:^^->^l and its inverse, log, by the truncations of the usual formulas. ^V k {X 9 A), the image of £f k (X, A) under exp, is a multiplicative group. If A is torsion free, then {exp X { : X t e X] generates a group isomorphic to N k (X), and the natural filtration of N k is consistent with the filtration given by the exp^( 3) . Since a{Ptiκ β(j) will be the least common multiple of the numbers no greater than j. 7(j) is the product of primes no greater than j, and δ(j) = 7(j)7([i/2])" 1 . We note that δ(j) divides y(j) divides β(j) divides j\, and a(j) divides β(j) divides j\ Also note β(j) divides β(j + 1), and similarly for 7, but not for δ or a.
C. H. may now be written in the form z = log (Π?=i eχ P Vt) - Proof. In ^Vl{X, Q), consider G, the group generated by {expX>. xeX}. v As we have said, G = N k (X). Let L = logG, and let L be the additive subgroup of β 2 s J generated by L. Let G' be the group generated by {expwlXJ, and let Ώ, U be analogous to L,L.
It follows easily from the two facts stated above that any commutator in the X t is contained in n\~~kβ(k -l) Proof. Consider, in N h {x, y) £ ^V h {x 9 y, Q), the normal subgroup G generated by exp y, and G', the normal subgroup generated by exp ny for some n, and let L, L, U, U be as usual. Since exp x normalizes G, it follows that if
Since the general situation is again a homomorphic image of this one, the lemma follows. LEMMA 
In a nilpotent group, the divisible elements form a characteristic subgroup.
Proof. If they form a subgroup, it is certainly characteristic.
The Z/s as before. By reversing the estimate of Lemma one, we see that
, and from this it is easy to see that the product of divisible elements is divisible. In fact, the set of elements divisible by any given set of primes forms a characteristic subgroup.
We now wish to investigate the existence of lie algebras for groups G £ ΛΊ(X, A). Let L £ -Sf^ί-X, A) be any additive subgroup, and let L (i) be the additive subgroup generated by all ith order brackets of elements in L. The form of C. H. shows that in order that expL be a subgroup of ^Ϋl{X, A), it suffices that L U)
This condition is convenient to work with, so we focus attention on it. An L with this property, and also the group expL, will be called e.e., short for elementarily exponentiable.
we note that the general subgroup G of Λ&X, A) contains a normal e.e. subgroup such that the quotient is a torsion group, with elements of uniformly bounded order, the bound depending only on k. Now, if L £ Sf h is e.e., then exp L = G can be considered to have a lie algebra, namely L. Then exp: L -> G is a bisection, with log as inverse, satisfying the Campbell-Hausdorίf formula, in the sense that log (exp x exp y) is given as the appropriate sum of com-mutators in x and y, as indicated by C. H. This is in fact a situation with intrinsic meaning, verifiable in an abstract setting, as we now show. Let L be any abelian group equipped with a bracket operation which is anti-symmetric and satisfies the Jacobi identity, and which, therefore, may be considered a lie algebra. Suppose L is λ -step nilpotent, i.e., every
and if L has no p-torsion for primes p less than k + 1, then we will say L is e.e. PROPOSITION 1. // L is an e.e. k-step nilpotent lie algebra, then there is a k-step nilpotent group G, and a bisection exp: L -> G, with inverse log, satisfying the Campbell-Hausdorff formula. G and exp are unique up to isomorphism. Proof. Since C. H. determines the group law, uniqueness is clear. Let A Q be the smallest subring of Q which contains Z, and in which division by k\ is permissible. Consider L as a Z-module, and form U = L ® z A o . By our assumption on the torsion properties of L, the natural map L->U is monomorphic, so we may consider L as a subalgebra of U. For an appropriate X, there is a surjection
is an e.e. subalgebra of =S^(X, A o ), and ker σ £ o~\L) is an ideal, and, since ker σ is an A 0 -module, it is trivial that 2 is normal in G lf and moreover the relation just above shows log (gG 2 ) = log g + log G i9 for any g e GÎ t follows that exp factors to a map from L = σ~\L)[keτ σ to GJG i9 and this obviously satisfies C. H. This establishes existence.
The above proof suggests a more general situation. If L is an e.e. subalgebra of Jίf k (X 9 A), and 9 we will say 1/ is e.e.-embedded in L. U is then α fortiori e.e., and (?' = exp U is a normal subgroup of G x and also log (gG r ) = log gr + log G\ so that exp factors to a well defined bisection exp: L/L'~>G/G'. If L/I/ has no p-torsion for primes p < k + 1, then we are in fact in the situation of Proposition one, and may say exp satisfies C. H. and is essentially unique. However, if there is ptorsion for p <*k, it no longer makes sense to say exp satisfies C. H. It has certain nice properties: for example, it is a homomorphism from abelian subalgebras of LjU to abelian subgroups of (?/(?'; and any e.e. subalgebra of L factors to a subalgebra whose image under exp is a subgroup of G/G'; but its uniqueness, the extent to which it is canonical, is unclear. Nevertheless, it is desirable to have even a noncanonical lie algebra for a group. In this connection we have PROPOSITION Proof For a suitably large set X, consider ^V* k {X 9 Q) 9 and choose a subgroup G isomorphic to N k (X) 9 and let h: G -> JV be any surjective homomorphism. Let L, L be related to G as usual, and put L 1 -k\ a(k -l)δφ)L. Let V be the lattice generated by log ker h, and put
for the same reason that L x is e.e. So M 2 is a group, normal and e.e.-embedded in M ίm The rest is clear.
We thus have the following corollary essentially established in [5] .
COROLLARY.
A p-group, for any prime p > k, has a uniquely defined lie algebra.
Thus, by using e.e. lie algebras, we may satisfactorily linearize a large number of nilpotent groups. This procedure, however, has the disadvantage that it begins with lie algebras and constructs the corresponding groups. It would be desirable to have an intrinsic description of groups which are satisfactorily linearizable in the above manner. The last corollary provides one answer to this problem. Another, still crude, answer is contained in the following results. PROPOSITION Proof. First suppose G £ ^Vi{X 9 A) for some X and A, and let THE FOURIER TRANSFORM FOR NILPOTENT 315 £, L be as usual. Using C. H., particularly the case of it noted in the appendix of [5] regarding commutators, one may show that the
Let G be a k-step nilpotent group, with no ptorsion for primes p <Lk. Then in order for G to be e.e. t it is sufficient that every commutator (x, y) in G be
We now have that log (xy) -log x + log y (modulo L λ ), and from this, it is immediate that log x + log y e L, so L = L.
For II* Topological structure of nilpotent groups* A good place to start, when analyzing a class of topological groups, is with the connected ones. Recall ( [4] , Theorem 9.8) that a connected locally compact abelian group is of the form R n x C, where C is connected and compact. . This is true by definition for ί = 0. The situations being entirely parallel for i :> 1, it suffices to consider Q ιβ We must show that the compact part of Qi is trivial. Let x e Q t generate a group A with compact closure. If x is not the identity then (x, N) £ %Γ(N) is a nontrivial subgroup. Choose any χ 6 JΓ, such that (x, N) g£ ker χ. Then, for each neN, χ n (y) = χ((#, n)) for ^ei defines a character on A; and the map n-+χ n is a homomorphism from N to JL , which is nontrivial by construction. But this is impossible, because N is connected and A is discrete. Then it is nice to know how the connected component of the identity sits in a nonconnected group. Proof 3 and HJM will be generated by HJM and HJM, which are finite torsion groups. By Lemma one, HJM is also finite, so H 3 is compact.
COROLLARY.
The set of quasitorsion elements form an open normal subgroup of N.
Proof. That they form an open set follows from the existence of open compact subgroups. That they are a normal set is obvious. That they are a subgroup follows from the lemma.
Denote by N c the subgroup of quasitorsion elements of totally disconnected nilpotent N. =1 . Then in the group generated by the {wjf =1 , the subgroup contained in N c is, modulo M j9 a finitely generated ( [3] , p. 153) torsion group.
COROLLARY. N C is expressible as an increasing union (inductive limit) of open compact subgroups.

Of course, if
Then choosing Kj large enough to contain M ΰ -and this subgroup too, and to be normalized by {wj£ =1 , we get, provided we pick the K/s big enough that they exhaust N c , the desired sequence. COROLLARY 
All locally compact nilpotent groups are unimodular.
Proof. This is immediate from Lemma 8 for totally disconnected groups. But on the connected component Ad n, for neN, acts as a unipotent, hence measure-preserving automorphism. The combination of these facts quickly gives the corollary.
We now give closer attention to the Sylow, quasi-p groups. The next lemma is the analogue for quasi-p groups of Lemma 4.
LEMMA 9. Let N p be a nilpotent quasi-p group. An element xe N p is divisible if and only if it is divisible by p. Let D be the subgroup of divisible elements. Then if D is torsion-free, division by p is continuous on D if and only if D is closed. In this case, D is isomorphic to a unipotent algebraic group over Q p (the p-adic numbers).
REMARK. By a unipotent algebraic group over Q p , we will always understand the Q^-rational points of such a group with the locally compact topology. On the other hand, suppose D is closed. It is then a divisible torsion-free nilpotent quasi-p group. Now on any abelian subgroup of D x taking some power is a homomorphism. We see that in particular %{ϋ) is a Z-module; and the topology is such that it is in fact a (locally compact) Q^-module. It is well known ( [12] ) then that %{J)) is isomorphic to Q p for some m. 
If N is a divisible locally compact nilpotent quasi-p group, and T is the subgroup of torsion elements, then T Q %~(N), and N/T is an algebraic unipotent group over Q p .
Recall a topological group is finitely generated if it has a finitely generated dense subgroup. LEMMA 
Let M be a compact, torsion-free nilpotent quasi-p group. Then M is isomorphic to an open subgroup of a unipotent algebraic group over Q p if and only if (M) p is open in M if and only if M is finitely generated.
Proof. The first condition clearly implies the second and third conditions. On the other hand, from the work of Malcev ([1]) , or from §1, a finitely generated, torsion-free, nilpotent discrete group Γ is canonically embeddable in a unipotent algebraic group N Q over Q. Giving N Q the p-adic topology, and completing, Γ p , the completion of Γ becomes a compact group, and the natural inclusion Γ-*M extends to a surjective homomorphism h: Γ p -> M. Since M is torsion-free, we see that H, the smallest divisible group of N Qp (the p-adic completion of N Q ) containing kerh, is normal in N Qp , and also Hf] Γ-keτh, so that M is naturally isomorphic to Γ p /keγ h C N Q JH. Finally, we see that, if M is abelian, then taking pth powers is a homomorphism, and if pM is open, then actually M is a finitely generated Z p (p-adic integers)-module, and so is finitely generated. But clearly the category of finitely generated pro-p groups permits group extensions. Hence, by induction on nilpotent length, nilpotent pro-p groups M such that M p is open are finitely generated.
REMARK. Of course, unipotent algebraic groups over Q p are the most interesting examples of nilpotent quasi-p groups. Their representation theory is in fact already known ( [8] ). The above lemmas indicate the role they play in the class of all quasi-p nilpotent groups.
At this point, we note that by a straightforward process of taking a protective, then an inductive limit, Theorem I (stated in the introduction) follows from Proposition one and the corollary to Proposition two.
Harmonic analysis* We begin with a result which is in fact independent of lie algebras, and holds for a general separable locally compact nilpotent group. First we make some definitions. If G is separable and locally compact, H QG a closed subgroup, then we have certain maps r and i, from ideals in C*(G) to ideals in C*(H), and vice versa. If I £ C*(G) is a closed two-sided *-ideal, let I 1 Q G{G) be the cone of all continuous positive definite functions which, considered as elements of the dual of C*(G), annihilate I. We call I 1 the dual ideal associated to /. Let r(I) be the ideal in C*(iϊ) annihilated by the restrictions to H of all functions in I 1 . Then r(I) L is the set of all / e C(H) which are unif orm-on-compacta limits of restrictions of gel 1 .
Reciprocally, starting with J, a closed, two-sided *-ideal of C*(H), take J 1 Q C(H), and identify / e J 1 with the measure fdh on G, where dh is Haar measure on H. Then consider all positive definite functions in C{G) which are unif orm-oncompacta limits of (positive) sums of functions in C{G) of the form α*/ώ/&*α*, where aeC 0 (G), α*& indicates convolution, and α* is the adjoint of a (as an element of C* ((?)). These functions make a cone, which is I 1 for some two-sided closed *-ideal I of C*(G), and we define I = i(J).
These maps are simply the extensions to general groups of the r and i of [5] . They have the same properties. Specifically, if U is a representation of G, with kernel / in C*(G), and if the restriction of U to H has kernel J in C*(H), then J = r{I). Reciprocally, if V is a representation of H, with kernel J in C*(H), and if the representation of G induced by V has kernel I in C*(G), then / = i(J).
Also, i(r(/)) £ I if G is amenable, and r(i(J)) £ J. If i(r(I)) = /, we say J is induced from, or may be reduced to, H.
Of particular importance is the case H when is normal, and I is primitive. Then conjugation in G induces an action Ad* G/H of G (H acts trivially) on M(H), the primitive ideal space of H. If IeM(G), i.e., if I is primitive, then r(I) is an Ad* G/H quasiorbit in M(H), so r defines a map r: M(G) -> M(iϊ; G), the quasiorbit space of M(JBΓ) by Ad* G/H, which we call the relative primitive ideal space of H in G, by virtue of this map r.r is surjective and continuous. PROPOSITION 
Let N be a separable, locally compact kstep nilpotent group, and IeM(N). If I corresponds to a faithful represention of N, of degree not one, then I can be reduced to a (k -l)-step nilpotent normal subgroup. In any case, there is a closed subgroup M, and a one-dimensional character χ of M such that the representation U % of N is irreducible, with kernel I in C*(N).
Proof. Let U be any representation of N with kernel / in C*(N). Then U defines a character ψ on ^{N). ψ depends only on J, and by our assumption on I, it is faithful.
Consider the pairing From now on, we restrict our attention to a &-step nilpotent quasi-p group ^, with p > k. We notice first that, for & compact, the main theorem plus explicit multiplicity formulae for tensor products and induced representations follows simply by taking the projective limit of Theorem 3 of [5] . Hence our main task is to cope with the inductive limit necessary to realize a noncompact &. We deal first with the question of attaching ideals to orbits.
Let P be the lie algebra of &. If R is a closed subalgebra of P, then we write & for the subgroup exp R of ^, and vice versa. We use the rest of the notation of the introduction also. Take ψeP. We will say R is a polarizing subalgebra for ψ if R is subordinate to ψ and is a maximal subgroup of P with respect to this property.
LEMMA 11. For any f eP, there exist polarizing subalgebras R for ψ. Moreover, R aan be chosen so that it contains a specified maximal abelian subalgebra of JΓ (2) Proof. As usual, we induce on the nilpotent length, and reduce immediately to the case when ψ is faithful on %*(P). We recall Proposition five, and use the d, A, and ^5 1 ( = JVi) introduced there. If P 1 = log &[, then we can assume by induction that there is i? S Pi which polarizes ψ\ Pr We observe that log A £ ^"(PJ, so R 2 log A. We may assume log A is the specified subalgebra of JΓ (2) The above lemma establishes a surjective relation a from Ad* & quasiorbits in P to M{0*). Using the theorem already established for compact groups, we can show the relation a is actually a function, and in fact, bijective and a homeomorphism. In working with the topology of M(&*)f we use the results of [2] , which in our case we may state in the following simple way. Proof. The relation is clearly natural, and we have already seen it is surjective. The remarks preceding Lemma 12 show that lemma characterizes a(θ) solely in terms of θ, so a is in fact a function. Let S be any set in Q(P), and θ e Q(P). lίθ^S, there is ψeθ, ψgS (regarding θ, S, as subsets of P). Choosing a sufficiently large compact open M, we will have π~ι(π(ψ)) f] S = 0. Since S is Ad* ^-invariant, this will imply π~\0) Π S = 0, where 0 is the Ad* M robit of π(ψ) in logikf (π of course is the map P->logikf). This establishes immediately that a is one-one and a homeomorphism.
The correspondence being established on the level of point sets, we now examine it in terms of harmonic analysis proper. We have the following generalization of the Bochner theorem on the Fourier transforms of positive definite functions on L x {G) y G abelian. REMARK. A similar theorem has been proven by G. Schiffman [9] for lie groups.
Proof. We know this already for compact groups. The noncompact case is a purely formal matter of taking the inductive limit. The above, then, is the broad outline of representation theory for the groups in question. One would, however, like to know some of the details. For example, it seems plausible, after the p-adic and compact examples, that there should be exactly one Ad*^-invariant measure carried on each Ad* & quasiorbit. This is closely related to the question of whether Q(P) is T 19 which, by virtue of a, is equivalent to all primitive ideals of C*(&) being maximal. The traditional proof, for the real or p-adic cases, that the orbits are actually closed does not generalize, and I cannot patch it at present. When & is actually a discrete torsion group, then P is compact, and the distality of Ad* ^, which is readily verifiable, then assures the result; but in this case invariant measures are readily constructible without reference to any such deep theorem. We may also remark that for 2-step groups, it is quite easy to see that Q(P) is 2\; and it is perhaps worth remarking that Haar measure on the cosets of various subgroups invariant by Ad* & give examples of positive Ad* ^-invariant measures on P.
This being the general situation, we now restrict ourselves to some nicer special cases. Given xeF, we can, by our assumption on 0, find ge^ such that Ad* g(x)e U. Then Ad* g~~\U) will be a compact neighborhood of x. F being compact we may find g lf , g n such that FS= U?=i Ad* gi\U). Then, for any M containing the g i9 we will have F ςzU(M), and μ(M)(F) ^ n. Thus as M increases to fill ^, we may take a <*>*-limit of the μ(M)'s, which will be an Ad* ^-invariant measure on θ.
For closed orbits, we can say more. Not only does an invariant measure exist, but it may be identified with (some multiple of) the canonical trace on the representation space, because the representation with the appropriate kernel is OCR, and J^(^) is mapped to trace class operators.
Before stating the final proposition, we remark that, in direct analogy with Lemma Proof. Take ψeθ, and suppose R is a polarizing subalgebra for ψ, as in Lemma 11. Then keτU+>* = a(θ). To verify U+** is CCR it suffices to check that for any representation V of any compact open subgroup M of ^* the multiplicity of V in U^^] M is finite. This multiplicity is equal to the sum over double cosets &xM of the multiplicities with which Ad* x(ψ) restricted to x~λ^?x Π M is contained in V similarly restricted. Let J*Z be the isotropy group of ψ. Since θ is closed, it is homeomorphic to ^jjzf. Since & 2 jxf, we may consider the natural map m: θ -• ^/J^ -• &\&.
Let 0 S logikf be the Ad* ilf orbit of V. If TΓ: P-^loglf, then π~\0) is compact, and so, therefore, is its image under m in ^/^?.
Since M is open in ^* m(τr~1(0)) can consist of only finitely many M orbits. But these orbits correspond to the double cosets &xM for which the above indicated multiplicity can be nonzero (this is a direct extension of Lemma 12. See also [5] ), so the total multiplicity of V in U+*** is indeed finite.
To conclude, we would like to remark that the methods developed above may be used to extend the results of [8] to the case of a function field over a finite field. Specifically, let F be such a field, of characteristic p, and for k < p let y^ be any λ -step nilpotent, unipotent algebraic group over F, with lie algebra N. Then all localizations of Λ^ are CCR, and the usual orbit picture holds. Suppose N is a vector space over F. Let ~/Γ A be the adele group of V\ and let χ be a basic character of F A in the sense of [12] . Using χ we identify N A with N* 9 the algebraic dual. Then the representations of ^V\ occurring in the natural representation on L\^4 r J^4 r ) (which is just U u^) are exactly those which correspond to orbits in N* containing points of JSP. Each representation occurs with multiplicity one. Also, if Cs^^ is a compact-open subgroup, such that there is a compact open C, normalizing C, and such that C^V-^KΆy then the multiplicity with which the identity representation of C occurs in the restriction of U 1 "^ to C, may be computed using the Riemann-Roch theorem of [12] .
